Hyperelliptic Curves and Newform Coefficients by Dembner, Spencer & Jain, Vanshika
ar
X
iv
:2
00
7.
08
35
8v
1 
 [m
ath
.N
T]
  1
6 J
ul 
20
20
Hyperelliptic Curves and Newform Coefficients
Spencer Dembner, Vanshika Jain
July, 2020
Abstract
We study which integers are admissible as Fourier coefficients of even integer weight new-
forms. In the specific case of the tau-function, we show that for all odd primes ℓ < 100 and all
integers m ≥ 1, we have
τ(n) 6= ±ℓ,±5m.
For general newforms f with even integer weight 2k and integer coefficients, we prove for most
integers j dividing 2k − 1 that af (p2) is almost never a j-th power. We prove a similar result
for af (p
4), conditional on the Frey-Mazur Conjecture. Our primary method involves relating
questions about values of newforms to the existence of perfect powers in certain binary recurrence
sequences, and makes use of bounds from the theory of linear forms in logarithms. The method
extends without difficulty to a large family of Lebesgue-Nagell equations with fixed exponent.
To prove results about general newforms, we also make use of the modular method and Ribet’s
level-lowering theorem.
1 Introduction and Statement of Results
The Ramanujan tau-function τ(n) gives the coefficients of the weight 12 modular form
∆(z) =
∞∑
n=1
τ(n)qn := q
∞∏
n=1
(1− q)24 = q − 24q2 + 252q3 − 1472q4 + . . . ,
where q = e2πiz . In 1947, Lehmer posed the conjecture, still unproven, that τ(n) 6= 0 for any n ≥ 1.
More recent work has focused on the variant problem of showing that τ(n) never takes certain odd
values. In 1987, Murty, Murty and Shorey showed in [15] that for any odd α, τ(n) = α holds for
at most finitely many n. However, the bounds in their result were far too large to be effective.
Recently, Balakrishnan, Craig, Ono, and Tsai ([2], [3]) used a different method based on primitive
prime divisors in Lucas sequences to rule out several specific odd primes as values of τ(n). Among
their results is that for n > 1, we have
τ(n) /∈ {±1,±3,±5,±7,±13,±17,−19,±23,±37,±691}.
Conditional on the Generalized Riemann Hypothesis, they also show that
τ(n) /∈
{
±ℓ : 41 ≤ ℓ ≤ 97 with
(
ℓ
5
)
= −1
}
∪ {−11,−29,−31,−41,−59,−61,−71,−79,−89}.
Key words and phrases. Modular Forms, Lehmer’s Conjecture, Frey Curves, Hyperelliptic Curves.
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Conspicuous in the statement of this result is the absence of the value 19. In this paper, we resolve
the question of whether τ(n) can equal 19, and prove the following unconditional generalization:
Theorem 1.1. If ℓ is any odd prime less than 100, then τ(n) 6= ±ℓ for any n.
Theorem 1.1 applies to finitely many odd primes. However, our techniques also yield the
following result, which rules out infinitely many integers as possible values of the tau-function.
Theorem 1.2. For all m ≥ 1 and all n, we have τ(n) 6= ±5m.
Beyond determining which values are admissible, we can limit the possible factorizations of the
values τ(p4).
Theorem 1.3. For all primes p, τ(p4) is divisible only by p, or by primes ℓ ≡ 1, 4 (mod 5).
Our final theorems are more general, applying to all newforms of sufficiently large even weight
2k with integer coefficients. Among other things, we show that certain Fourier coefficients are
almost never ℓ-th powers, for sufficiently large primes ℓ dividing 2k − 1.
Theorem 1.4. If f(z) =
∑
af (n)q
n is a newform with integer coefficients and even integer weight
2k, then the following are true.
1. If p is an ordinary prime, i.e., p ∤ af (p), then af (p
2) 6= mj for any j ≥ 4 dividing 2k − 1 and
any nonzero integer m. In particular, if 2k ≥ 6, then af (p2) 6= m2k−1.
2. Assume the Frey-Mazur Conjecture. If 2k − 1 is divisible by a prime ℓ ≥ 19, and p 6= 2, 5 is
ordinary, then af (p
4) 6= mℓ for any nonzero integer m.
3. Assume the Frey-Mazur Conjecture. Suppose that f has residually reducible mod 2 Galois
representation, and level N coprime to 19. Suppose that 2k−1 is divisible by a prime ℓ > 19.
If af (5
4), af (19
4) 6= ±19, then af (n) 6= ±19 for any n.
Part (1) and (2) of Theorem 1.4 are analogous to another of the results of [3], which says that
for forms of sufficiently high weight, a given value ±ℓm cannot occur as a Fourier coefficient. In
Theorem 6.6, we prove another result of a similar flavor.
In Subsection 2.1, we state several basic facts about newforms, and prove Theorem 1.3. As we
discuss in this subsection, the main difficulty in ruling out possible values of the tau-function is
classifying points on certain hyperelliptic curves and Thue equations. In Sections 2, 3, and 4, we
focus on equations of the form
Y 2 = 5X22 + 4α,
which arise in proving that τ(p4) 6= α. These equations are closely related to the arithmetic of
real quadratic fields, and by extension, to the existence of perfect 11-th powers in certain binary
recurrence sequences. Specifically, the sequences in question are of Fibonacci type: they all satisfy
the same recurrence
an+2 = an+1 + an,
as the Fibonacci sequence (un) and the classical Lucas numbers (vn). Due to work of Bugeaud,
Mignotte, and Siksek [9], all perfect powers in the sequences (un), (vn) are known. However, less
is known about perfect powers in arbitrary sequences of Fibonacci type. In Section 3, we use
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purely elementary congruence arguments to rule out perfect 11-th powers in many of the sequences
relevant to values of the tau-function. We also deduce Theorem 1.2, and we show that
af (p
4) /∈ {±31,±59,±61,±79,±101,±139,±149,±151,±179,±191,±199,±192},
for newforms f with integer coefficients, weight 12, 14, 18, or 20, and any level.
In some cases, congruences are insufficient to rule out perfect 11-th powers, because ±1 appears
either in the sequence or in its continuation to negative values. In these cases, although congruences
alone cannot rule out nontrivial perfect powers, they can be used to show that any perfect power
aun + bvn must have very large index n. In Section 4, we combine this observation with upper
bounds coming from the theory of linear forms in logarithms to show that the remaining sequences
relevant to Theorem 1.1 likewise have no nontrivial perfect powers. The method we use to solve
these equations via perfect powers in recurrences generalizes without difficulty to any Lebesgue-
Nagell equation of the form
x2 +D = Cy2n,
where n is fixed and Q(
√
C) has class number one.
In the rest of Section 4, we complete the proof of Theorem 1.1 by solving the relevant Thue
equations. All these equations were computed in [3], but these computations were often conditional
on the Generalized Riemann Hypothesis. By using an upper bound proven in [6], we are able to
perform the same computations unconditionally.
In Sections 5 and 6, we give the proof of Theorem 1.4. Our work in these sections is based on
the modularity theorem proved by Wiles and others ([23],[22],[7]), as well as Ribet’s level-lowering
theorem [19]. Most but not all of the results we prove are conditional on the unproven Frey-Mazur
Conjecture, which says that for large enough primes p, an elliptic curve E/Q is determined up to
isogeny by its p-torsion Galois representation E[p] (see Section 5 for a precise statement).
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2 Preliminaries
In the first subsection, we state several basic results about newform coefficients. Then, in the
second subsection, we explain how certain coefficients are related to perfect powers in recurrences.
2.1 Newform Coefficients
We begin by stating several key properties of newforms. For background on the theory of modular
forms, see [1], [12], and [16]. In this section, f denotes a newform with integer coefficients, even
weight 2k, and level N . We write the Fourier expansion of f as
f(z) = q +
∞∑
n≥2
af (n)q
n. (2.1)
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Theorem 2.1. The following are true.
1. If gcd(n1, n2) = 1, then af (n1n2) = af (n1)af (n2).
2. If p ∤ N is prime and m ≥ 2, then
af (p
m) = af (p)af (p
m−1)− p2k−1af (pm−2).
3. If p | N is prime, then we have
af (p
m) =
{
(±1)mp(k−1)m if ordp(N) = 1,
0 if ordp(N) ≥ 2.
By repeatedly applying the recurrence from part (2) of Theorem 2.1, one can show that primes p
for which af (p
m) = ±α give rise to solutions to Diophantine equations.
Corollary 2.2 ([3], Lemma 5.1). With notation as in Theorem 2.1, suppose that p ∤ N is prime,
and let α be any integer. Then we have the following:
1. If af (p
2) = α, then (p, af (p)) is an integer point on
Ck,α : Y
2 = X2k−1 + α. (2.2)
2. If af (p
4) = α, then (p, 2af (p)
2 − 3p2k−1) is an integer point on
H2k−1,α : Y 2 = 5X2(2k−1) + 4α. (2.3)
3. For m a positive integer, let F2m(X,Y ) be the homogeneous polynomial defined by the condi-
tion
1
1−√Y T +XT 2 =
∞∑
i=0
Fi(X,Y ) · T i.
Then for all m ≥ 1, (p2k−1, af (p)2) is a solution to the Thue equation
F2m(X,Y ) = af (p
2m).
For later use, we record the following alternate expression for F2m(X,Y ):
F2m(X,Y ) =
m∏
k=1
(
Y − 4X cos2
(
πk
2m+ 1
))
. (2.4)
Another consequence of Theorem 2.1 is that for p ∤ N , the values af (p
m) form a Lucas sequence.
In the paper [3], the authors use this observation, along with deep work of Bilu, Hanrot, and Voutier
[6] on prime divisors in Lucas sequences, to rule out specific odd prime values as possible coefficients
of certain newforms. They prove the following key result, which also admits a partial generalization
to weight 4.
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Theorem 2.3 ([3], Theorem 3.2). Let f have weight 2k ≥ 6 and residually reducible mod 2 Galois
representation. If ℓ is an odd prime not dividing N such that af (n) = ±ℓm for some m ≥ 0, then
n = pd−1, where p ∤ N and d are odd primes, and d | ℓ(ℓ2 − 1).
Thus, in order to rule out the possibility that af (n) = ±ℓm for a fixed odd prime ℓ, it is enough
to show that af (p
d−1) 6= ±ℓm, where d is one of finitely many odd primes dividing ℓ(ℓ2 − 1). For
d ≥ 7, solutions to af (pd−1) = ±ℓm give solutions to Thue equations, which have been intensively
studied. For d = 3, we obtain solutions to hyperelliptic curves of the form (2.2). For |α| ≤ 100,
equations of this form have been completely solved, by work of Bugeaud, Mignotte, and Siksek [10]
and Barros [4].
This means that for small primes ℓ, the main obstacle is the case d = 5, where we obtain a
solution to (2.3). This case is closely related to the arithmetic of the real quadratic field
K := Q(
√
5).
The following elementary proposition shows that (2.3) will have few solutions if α is divisible by
any prime equivalent to 2 or 3 mod 5.
Proposition 2.4. Fix some α and some d ≥ 1, and suppose that (x, y) is an integer point on one
of the curves Y 2 = 5X2d ± 4α. Then any prime ℓ ≡ 2, 3 (mod 5) which divides α must divide x as
well.
Proof. Suppose that some prime ℓ 6= 5 divides α. Then we have
y2 ≡ 5x2d (mod ℓ).
If x 6≡ 0 (mod ℓ), then x2d is a nonzero square mod ℓ. Since 5x2d is a nonzero square as well, it
follows that 5 is a square mod ℓ. By quadratic reciprocity, this implies that(
5
ℓ
)
=
(
ℓ
5
)
= 1.
Therefore, either ℓ ≡ 1, 4 (mod 5), or ℓ divides x.
By Theorem 2.3, we know that τ(p4) 6= ±ℓm for primes ℓ ≡ ±2 (mod 5). As a consequence of
Proposition 2.4, we show the following stronger result.
Corollary 2.5. The following are true.
1. For any prime p, τ(p4) can only be divisible by p, or by primes ℓ ≡ 1, 4 (mod 5). In particular,
if τ(p4) is divisible by any prime 2, 3 mod 5, then p is not ordinary for the τ -function, i.e., p
divides af (p).
2. Let f be an even weight newform with integer coefficients, and suppose p ∤ N . Then af (p
4)
can only be divisible by p, or by primes ℓ ≡ 1, 4 (mod 5).
Proof of Corollary 2.5 and Theorem 1.3. To prove both statements, suppose that p ∤ N and that
af (p
4) = α. Then we obtain a point (p, 2af (p)
2 − 3p2k−1) on the curve Y 2 = 5X2(2k−1) + 4α. It
follows that any prime dividing α = af (p
4) must either be 1, 4 (mod 5), or else must divide p as
well. In this case, the prime must be p.
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2.2 Recurrences of Fibonacci Type
To analyze solutions to (2.3) when α is arbitrary, we first establish a connection to powers in certain
recurrences. Let N = NormK/Q : K → Q denote the norm map, defined by
N(a+ b
√
5) = (a+ b
√
5)(a− b
√
5) = a2 − 5b2.
If (X,Y ) is an integer point on (2.3) for any integer α, then we have
N(Y +X2k−1
√
5) = ±4α. (2.5)
This is closely related to the Pell equation N(a+b
√
5) = ±1. Let OK denote the ring of integers
of K. The elements ζ ∈ OK such that N(ζ) = ±1 are exactly the units of OK . Since K is a real
quadratic field, by Dirichlet’s unit theorem, the unit group O×K has rank 1, and in this case, a
fundamental unit is given by
ω :=
1 +
√
5
2
.
In order to study (2.5), we begin with the observation that up to multiplication by units, there are
only finitely many elements of norm ±4α. Suppose that (ζ1), . . . , (ζr) are all the ideals of norm
4|α|, and write ζi = 2(ai + bi
√
5). Then for some i and some k, we have
Y +X2k−1
√
5 = ±2(ai + bi
√
5)ωk.
For any γ = a + b
√
5 ∈ K, we write its conjugate as γ = a − b√5. Summing conjugates, we see
that
X2k−1 = ±
(
ai√
5
(ωk − ωk) + bi(ωk + ωk)
)
. (2.6)
Definition 2.6. For n ≥ 0, the Fibonacci numbers un and Lucas numbers vn are defined by
un =
ωn − ωn
ω − ω , vn = ω
n + ωn.
We can continue the Fibonacci sequence to negative values of j by requiring that it satisfy the
same recurrence; for example, u−1 = 1, and u−2 = −1. By induction, if j < 0 we have
uj = (−1)j+1u−j .
Similarly, we get the same identity for vn. Therefore, in (2.6), we can assume k ≥ 0.
Definition 2.7. We call (xn) a sequence of Fibonacci type if xn = aun + bvn for some a, b ∈ Z.
Our work so far shows that an integer solution to (2.3) gives rise to a perfect power in one of
finitely many sequences of Fibonacci type. Since −1 is a perfect (2k− 1)-st power for all k, we can
ignore the sign in the statement of the following proposition.
Proposition 2.8. Suppose that (X,Y ) satisfies (2.5). With notation as in the previous section,
there is some i ≤ r such that X2k−1 = ±(aiun + bivn).
Conversely, given a perfect power in some sequence (aun + bvn), we obtain a corresponding
point on the hyperelliptic curve.
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Lemma 2.9. Suppose that for some d ≥ 1 and some x, we have aun + bvn = xd. Then for some
y, (x, y) is an integer point on
Y 2 = 5X2d ± 4(a2 − 5b2).
Proof. We have already seen that for any k ≥ 0, we have
2(a + b
√
5)
(
1 +
√
5
2
)k
= Y + (auk + bvk)
√
5,
for some integer Y . Setting k = n and taking norms on both sides, we have
4(a2 − 5b2) · (−1)n = Y 2 − 5X2d.
We can rewrite this as
Y 2 = 5X2d + (−1)n · 4(a2 − 5b2),
and this gives the desired conclusion.
In 1982 and 1983, Petho˝ [17] and Shorey and Stewart [20] independently proved that any
binary recurrence sequence has finitely many perfect powers. More recently, Silliman and Vogt [21]
applied the Frey-Mazur Conjecture on Galois representations associated to elliptic curves to outline
a conditional classification of perfect powers in Lucas sequences satisfying recurrences other than
the Fibonacci recurrence (for the statement of the Frey-Mazur Conjecture, see Conjecture 5.3).
However, aside from the Fibonacci and Lucas sequences ([9]), there has been little work on perfect
powers in sequences of Fibonacci type.
3 Elementary Results
In this section, we prove several results about perfect powers and newform coefficients which depend
only on the elementary considerations stated so far. In the next section, we will use upper bounds
on solutions to Thue equations to solve the remaining cases.
Given a sequence (aun + bvn) of Fibonacci type, we can often rule out the possibility of perfect
d-th powers, for specific values of d, by an elementary computation. The key idea for these com-
putations is that, by the pigeonhole principle, any linear recurrence is periodic mod m for any m.
In fact, all the sequences we are interested in will have the same period mod m, except for finitely
many m. Let π(m) denote the period of the Fibonacci sequence mod m.
Lemma 3.1. Let (xn) = (aun + bvn) be a sequence of Fibonacci type. If a
2 − 5b2 is coprime to m,
then (xn) has period π(m) mod m.
Proof. Let A be the matrix (
1 1
1 0
)
.
Then we have
A(xn+1, xn) = (xn+2, xn+1).
Since det(A) = −1, A is an element of GL2(Z/mZ). If A has order k in GL2(Z/mZ), then it is clear
that the period of (xn) divides k. Conversely, suppose that A
k 6= I ∈ GL2(Z/mZ). The matrix
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with vectors (x0, x1) = (2b, a+ b) and (x1, x2) = (a+ b, a+ 3b) has determinant 5b
2 − a2, which is
coprime to m. It follows that the two vectors form a basis of (Z/mZ)2. Therefore, either xk 6≡ x0
(mod m), or xk+1 6≡ x1 (mod m). Thus, we see that the period is given by the order of A. The
case a = 1, b = 0 corresponds to the Fibonacci sequence, with period π(m). Since 1 is a unit mod
m for all m > 1, it follows that the period of (xn) is equal to π(m).
Fix a prime d. To rule out the possibility of d-th powers in a sequence (aun + bvn), we can fix
a prime q ≡ 1 (mod d) which is coprime to a2 − 5b2 and study the indices k for which auk + bvk is
a perfect d-th power mod q. If qm divides π(q) for some prime q and some m ≥ 1, then we obtain
information about the possible congruence classes of k mod qm. By comparing the congruences
obtained from multiple primes, we can often show directly that some sequences of Fibonacci type
contain no perfect d-th powers.
Proposition 3.2. Consider some sequence (aun + bvn) of Fibonacci type. Suppose that for some
m ≥ 2 coprime to a2 − 5b2, and for all k < π(m), auk + bvk is not a perfect d-th power mod m.
Then aun + bvn is never a perfect d-th power.
Theorem 3.3. Consider the powers d = 3, 5, 7, 11, 13, 17, and 19. The sequence (aun + bvn)
contains no perfect d-th powers for the following values of (a, b):
{(1,±4), (7,±4), (21,±4), (9 ± 2), (8,±1), (12,±7),
(12,±1), (13,±2), (13,±8), (1,±6), (14,±1), (18,±5)},
except for 
(1,±4), (7,±4), (21,±4) d = 3,
(14,±1) d = 5,
(7,±4) d = 7.
Additionally, for any p 6= 2, any d ≥ 3, and any m ≥ 1, the sequences pmun and pmvn have no
perfect prime powers qd, unless q = p and d = m+ 1.
Proof of Theorem 3.3. By the main result from [9], the sequences un and vn have no perfect powers
of the form pm, where m ≥ 2 and p 6= 2 is an odd prime. Suppose that pmun = qd for some d ≥ 3
and some prime q. Then we have q = p, so un = p
d−m, which is impossible unless d = m+ 1.
For the remaining cases, we use Proposition 3.2. The key idea is that when an element auk+bvk
is a power modulo some prime p, then this gives us congruence information about the index k. These
congruences hold modulo the prime powers dividing π(p), rather than modulo p.
We implemented an algorithm in Python (see [14] for all code used in the paper) which does
the following: for all sufficiently small primes p ≡ 1 (mod d) coprime to a2 − 5b2, it finds the
indices k < π(p) such that auk + bvk is a perfect d-th power mod p. Then, for all prime powers ℓ
m
dividing π(p), it throws away the indices k which do not satisfy the congruences mod ℓm already
obtained from previous primes. If aun + bvn is a perfect d-th power for some n, then for all primes
powers ℓm dividing π(p), n must be congruent mod ℓm to one of the remaining indices k < π(p). In
the specified cases, the program shows that the congruences on the index n obtained from primes
p < 10, 000 are not satisfiable, which rules out the possibility that aun + bvn contains any perfect
d-th power.
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Remarks.
1. The sequences and powers were chosen for their relevance to newform coefficients; the method
should work equally well for most powers d.
2. For some sequences, the values for small n make it impossible to rule out the existence of
perfect powers in this way. For example, the Fibonacci sequence (un) has several small perfect
power values, which means larger perfect powers cannot be ruled out by congruences alone.
3. The sequences un + 2vn, which are related to the question of whether τ(n) = 19, cannot be
handled for a similar reason: extending indices backward, we see that u−1 + 2v−1 = −1 is a
perfect power. The same obstruction occurs for any sequence (aun + (a+ 1)vn).
By using the results obtained above about perfect powers in sequences aun + bvn, we can rule
out many specific powers of primes ℓ ≡ ±1 (mod 5) as possible values of af (p4).
Corollary 3.4. We have
af (p
4) /∈ {±31,±59,±61,±79,±101,±139,±149,±151,±179,±191,±199,±192},
where f is any newform with integer coefficients and weight 2k = 12, 14, 18, or 20.
Proof. Let α be one of the values in the statement. If p | N , then by Theorem 2.1 part (3), af (p4)
is either 0 or ±pj, where j > 2. Therefore, we may assume that p ∤ N . It follows by Corollary 2.2
that we obtain an integer point (p, 2af (p)
2 − 3p2k−1) on H2k−1,α.
First, we give the proof for α = 31, which is nearly identical to the proof for the other listed
primes ℓ ≡ ±1 (mod 5). The prime 31 splits in Q(√5) in the following way:
(31) = (7 + 4
√
5)(7 − 4
√
5).
We have already seen that if af (p
4) = ±31, then this gives rise to an integer point on Y 2 =
5X2(2k−1) ± 4 · 31. By Proposition 2.8, this gives rise to a perfect (2k − 1)-st power in either the
sequence (7un+4vn), or the sequence (7un−4vn). By Theorem 3.3, neither sequence contains such
a perfect power when 2k = 12, 14, 18, or 20.
Now, we give the proof for α = 192. Up to multiplication by units, the three elements of OK
with norm ±19 are 19, 21 + 4√5, and 21 − 4√5. As in the previous case, if af (p4) = ±192, then
this gives rise to a perfect power X2k−1 in one of the sequences 19un, 21un + 4vn, or 21un − 4vn.
Furthermore, the perfect power X2k−1 = p2k−1 is a power of an odd prime. By Theorem 3.3, the
sequences (21un ± 4vn) contain no perfect (2k− 1)-st powers, and the sequence (19un) contains no
powers of the form p2k−1, where p is an odd prime.
Remark. Similar results hold for newforms of weight 4, 6, or 8, except for values corresponding to
the exceptional cases of Theorem 3.3.
We have already seen that due to the work of Bugeaud, Mignotte, and Siksek, the sequences
5mun and 5
mvn contain no perfect prime powers except for 5. Along with a congruence due to
Ramanujan, this allows us to show τ(n) is never a power of 5.
Theorem 3.5 (Ramanujan). For all n, we have
τ(n) ≡ nσ1(n) (mod 5).
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Corollary 3.6. For all n, and all m ≥ 1, we have τ(n) 6= ±5m.
Proof of Corollary 3.6 and Theorem 1.2. By Theorem 2.3, if τ(n) = ±5m, then we may assume
that n = pd−1 where d = 3, 5 and p is an odd prime. By Theorem 3.5, it is not possible that
τ(p2) ≡ 0 (mod 5). Therefore, we only need to rule out the possibility that τ(p4) = ±5m.
The solutions to τ(p4) = ±5m correspond to solutions (p11, Y ) to Y 2 = 5X2 ± 4 · 5m. Since 5
ramifies in Q(
√
5) and 2 is inert, 2 ·√5m is the only element of OK with norm 4 ·5m. It follows that
we obtain a perfect power of the form p11 in either the sequence (5mun) or the sequence (5
mvn).
By Theorem 3.3, neither sequence contains such a prime power, except if p = 5 and m = 10. Since
τ(54) is not a power of 5, it follows that τ(n) 6= ±5m.
4 Proof of Theorem 1.1
There are two steps remaining in the proof of Theorem 1.1. First, we need to rule out nontrivial
perfect 11-th powers in the sequences (aun + bvn) corresponding to primes ℓ < 100 with ℓ ≡ ±1
(mod 5) which were not handled in the Theorem 3.3. Second, we need to unconditionally classify
solutions to the Thue equations Fd−1(X,Y ) = ±ℓ, where d | ℓ(ℓ2−1) is one of the odd prime values
allowed by Theorem 2.3.
We begin by handling the first task. By using a suitably refined version of the congruence
arguments from Section 3, a computer can quickly show that if a given sequence (aun + bvn) has
any nontrivial 11-th powers, then the index n must be very large. A sieve method based on a
similar principle was described in [9], and was implemented in Sage by the authors of [21]. Using
this sieve, we were able to rule out perfect powers with small indices in all of the sequences relevant
to primes we could not handle in Corollary 3.4.
Proposition 4.1. For the following values of (a, b), if n ≤ 10300, then aun + bvn is not a perfect
11-th power, except possibly ±1:
{(1,±2), (4,±1), (4,±3), (11,±4), (14,±5), (6,±5}.
On its own, this method can never rule out all perfect 11-th powers. However we can complete
the argument by pairing these computations with upper bounds coming from the theory of linear
forms in logarithms. A key result is the following, which says that solutions to Y 2 = 5X22 ± 4ℓ
give rise to points on certain Thue equations.
Theorem 4.2 ([4], Theorem 2.1). Suppose that (x, y) is a solution to x2 = Cyn − D. Write
D = dq2, where d is squarefree. Let K = Q(
√−d), and let OK denote its ring of integers. Let
{1, ω} denote an integral basis of OK , and let ω denote the conjugate of ω. Then there exists a
finite set Γ of pairs {γ+, γ−} of elements from K, such that
x =
1
2
(γ+(A+Bω)
n + γ−(A+Bω)n),
where (A,B) is a solution of the Thue equation
2q =
1√−d(γ+(A+Bω)
n − γ−(A+Bω)n).
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Thanks to the theory of linear forms in logarithms, we now know explicit bounds for the size
of solutions to Thue equations. To state the result we will use, let F (x, y) = b be a Thue equation.
Let M be the field Q(α), where α is any root of the polynomial F (X, 1). Let R = RM denote the
regulator of M , let H be an upper bound for the absolute value of the coefficients of F , and let B
be an upper bound for the absolute value of b.
Theorem 4.3 ([8], Theorem 3). All solutions x, y of F (x, y) = b satisfy
max{|x|, |y|} < exp{c3R(log∗R)(R + log(HB))},
where log∗(x) = max(log(x), 1), and
c3 = c3(n, r) = 3
r+27(r + 1)7r+19n2n+6r+14.
In order to use this result, we need a bound on the regulators of the number fields arising from
our Thue equations. The following result supplies such a bound.
Lemma 4.4 ([11], Lemma 5.1). Let K be a number field with degree d = u+2v where u and v are
respectively the numbers of real and complex embeddings. Denote the absolute discriminant by DK ,
the regulator by R, and the number of roots of unity in K by w. Suppose that L is a real number
such that DK ≤ L. Let
a = 2−vπ−d/2
√
L.
Define the function fK(L, s) by
fK(L, s) = 2
−uwas
(
Γ
(s
2
))u
(Γ(s))vsd+1(s− 1)1−d,
and let BK(L) = min{fK(L, 2 − t/1000): t = 0, 1, . . . , 999}. Then R < BK(L).
Corollary 4.5. Let K/Q be a degree 11 extension of Q, and fix notation as in Lemma 4.4. Then
we have
R < 22L.
Proof. Taking t = 0 in Lemma 4.4, we have
R < 2−uwa21u1v2d+1(1)1−d = 2−uw2−2vπ−dL2d+1.
We have u+2v = d. Furthermore, we have w = 2, since there is no nontrivial cyclotomic extension
of degree 11. Therefore, the desired result follows.
Theorem 4.6. Let (aun + bvn) be one of the sequences listed in Proposition 4.1. Then aun + bvn
is never a perfect 11-th power, except for possibly ±1.
Proof. Each of the sequences aun + bvn corresponds to a prime ℓ < 100. Suppose that for some n,
aun + bvn = x
11 is a perfect 11-th power. Then, by Lemma 2.9, there is a point of the form (x, y)
on one of the hyperelliptic curves
Y 2 = 5X22 ± 4ℓ.
We used a modification of the program from [3], which implements Barros’s algorithm, to obtain
Thue equations from the hyperelliptic curves corresponding to the relevant values of ℓ (the modified
11
program is available at [14]). By explicitly computing the coefficients and discriminants involved
in each case, we found that we can take the following bounds:
L = 1032,H = 1050, B = 4.
Additionally, the computation showed that for all γ ∈ Γ, we have |γ| < 1040. Suppose that (A,B)
is a solution to any of the Thue equations under consideration. By Theorem 4.3, it follows that
max(|A|, |B|) < exp{c3R(log∗R)(R+ log(HB))} = exp{c3R(log∗R)(R+ 50 log(10) + 2 log(2)}
In our case, the extensions all have degree n = d = 11. By Dirichlet’s unit theorem, it follows that
the unit rank r is at most 10. Therefore, we have
c3 ≤ 33711891122+60+14 = 33711185.
By Lemma 4.4, we know that R ≤ 22L = 221032. Clearly, 50 log(10)+2 log(2) < 221032. Therefore,
we have
max(|A|, |B|) < exp{33711185221032 log∗(221032)(23)1032}
= exp{log(221032)33725106411185} ≤ exp(10278).
By Theorem 4.2, we have
y =
1
2
(
γ+(A+Bω)
11 + γ−(A+Bω)11
)
.
Our computation showed that in the integral bases {1, ω} corresponding to these Thue equa-
tions, ω always has absolute value at most 10. Therefore, by the triangle inequality, A+Bω always
has absolute value at most 11 exp
(
10278
)
. Furthermore, we have seen that the elements γ+, γ− have
absolute value at most 1040. Therefore, we have
|y| ≤ 2 · 1040 · 1111 exp(11 · 10278) ≤ exp(10280).
Applying that y2 = 5x22 ± 4ℓ, we have that
|x11| ≤ |x22| ≤ 1
5
(|y|2 ∓ 4ℓ) ≤ exp(10281).
It remains to show that |x11| > exp(10281). Since x11 = xn := aun+bvn is a perfect 11-th power,
it follows from Proposition 4.1 that n ≥ 10300. For each of the sequences under consideration, there
exists some k ≤ 5 such that either xk ≥ u0 = 0, xk+1 ≥ u1 = 1, or xk ≤ 0, xk+1 ≤ −1. Without
loss of generality, we may assume we are in the first case. Then, since (xm) satisfies the same
recurrence as the Fibonacci sequence (um) and its initial conditions starting from xk dominate the
initial conditions u0 = 0, u1 = 1, we have |xm+k| ≥ |um| for all m. In particular, |xn| ≥ |un−k|.
However, we know that the Fibonacci sequence is given by
um =
1√
5
((
1 +
√
5
2
)m
−
(
1−√5
2
)m)
.
12
Asm→∞, the second term disappears. Therefore, writing ϕ = 1+
√
5
2 , it follows that for sufficiently
large m, we have
|um| ≥ ϕ
m
√
5
− 1.
Furthermore, ϕ3 > e. It follows that for sufficiently large m, we have |u10m | > exp
(
10m−1
)
. It
follows that
|xn| ≥ |un−k| ≥ |u10299 | > exp
(
10298
)
.
This shows, as claimed, that |xn| > exp
(
10281
)
.
It remains to complete the second task by unconditionally solving the relevant Thue equations.
Here, we will make use of the following striking bound on solutions to certain Thue equations,
which is a special case of a more general result due to Bilu, Hanrot, and Voutier.
Theorem 4.7 ([6], page 105). For any n, define the homogeneous polynomial F̂n(X,Y ) by
F̂n(X,Y ) =
n−1
2∏
k=1
(
Y − 2X cos
(
2πk
n
))
.
If 31 ≤ p ≤ 527 and p is an odd prime, then the Thue equations
F̂p(X,Y ) = ±p
have no solutions (x, y) with |x| > e8.
Lemma 4.8. Let ℓ be an odd prime with ℓ < 100, and suppose that d ≥ 7 is an odd prime such
that d | ℓ(ℓ2 − 1). Then all the solutions to Fd−1(X,Y ) = ±ℓ are listed in Tables 4 and 5 of [3].
Proof. For odd primes ℓ ≤ 37, this was already proven in [3]. It remains to consider the odd primes
ℓ ≥ 41, for which the corresponding Thue equations were only solved conditional on the Generalized
Riemann Hypothesis. These equations can be divided into those where d = ℓ, and those where
d < ℓ. In all the cases where d < ℓ, the Thue equation solver in PARI/GP confirms that the solutions
listed are the only ones.
In the case where d = ℓ, the equations are often out of reach of the Thue solver. However, as
observed in Lemma 4.1 of [3], these polynomials are related, via the product formula (2.4), to those
studied by Bilu, Hanrot, and Voutier:
Fℓ−1(X,Y ) = F̂ℓ(X,Y − 2X).
Pick some prime ℓ < 100, and suppose that Fℓ−1(x, y) = F̂ℓ(x, y − 2x) = ±ℓ. By Theorem 4.7, it
follows that |x| < e8 < 3000. Since ℓ < 100, a short calculation using the definition of F̂ℓ shows
that |y − 2x| < 7000, which implies that |y| < 13000. Therefore, in order to show that the only
solutions are those listed in the tables of [3], it is enough to search manually for solutions (x, y)
with |x| < 3000, |y| < 13000. We implemented an algorithm in Sage, available at [14], which carried
out such a search for the primes ℓ between 41 and 100. By doing so, we confirmed that the only
solutions are those listed.
Remark. This result also allows many of the results proven conditionally in Theorem 1.3 of [3] to
be verified unconditionally.
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Now, we are in a position to prove our main result for this section.
Proof of Theorem 1.1. Suppose that ℓ is an odd prime less than 100, and that τ(n) = ±ℓ for some
ℓ. By Theorem 2.3, it follows that n = pd−1, where p and d are odd primes, and d | ℓ(ℓ2− 1). Now,
there are three cases to consider.
First, suppose d = 3. In this case, we obtain a solution to Y 2 = X11 ± ℓ. Previous work on
these equations, summarized in Tables 6 and 7 of [3], shows that none of the points on these curves
correspond to primes p for which τ(p2) = ±ℓ.
Second, suppose d = 5. In this case, we obtain a solution to Y 2 = 5X22 ± 4ℓ. By Lemma 2.8,
this gives rise to a perfect power in one of several recurrence sequences. Taken together, Theorems
3.3 and 4.6 show that the sequences corresponding to primes ℓ ≡ ±1 (mod 5) contain no perfect
powers aside from ±1.
Finally, suppose d ≥ 7. In this case, we obtain a solution (x, y) to a Thue equation Fd−1(X,Y ) =
±ℓ, where x = p11. By Lemma 4.8, none of the relevant Thue equations has a solution (x, y) where
x is of the form p11.
Remark. Theorem 1.1 has two natural extensions. First, one could replace the tau-function with
af (n) for a different newform f with integer coefficients. Here, the approach carries through in
much the same way. The results for Thue equations and the curves Cd,ℓ apply verbatim in this
case. The results for the curves H2k−1,±ℓ : Y 2 = 5X2(2k−1) ± 4ℓ extend in exactly the same way
to values 2k 6= 12. However, the perfect powers involved would no longer be perfect (2k − 1)-st
powers, so a new sieve computation and a new upper bound would be required.
Second, one could replace the odd prime ℓ by an odd composite value α < 100. Here, there are
more difficulties. Once again, known results on the curves Cd,α would apply, and once again, a sim-
ilar computation can classify points on the curves H2k−1,±α, although there will be more sequences
to check. However, Theorem 4.7 does not apply to Thue equations of the form Fp−1(X,Y ) = ±α
where p divides α, which means the argument would likely depend on Thue equations that are
difficult to solve.
5 Modular Approaches to AXp + BY q = CZr
In this section, we describe a modern method for solving certain Diophantine equations. Later, we
will see that newform coefficients are related to certain solutions to equations
AXp +BY q = CZr. (5.1)
Equations of this type can often be successfully solved by using a modular method analogous to
the proof of Fermat’s Last Theorem. Here, we summarize this strategy, and in the next section we
apply it to prove several results about newform coefficients.
Let E be an elliptic curve over Q. For all primes p, the curve E has an associated mod p Galois
representation
ρE,p : GQ → GL2(Fp),
corresponding to the action of GQ on the p-torsion E[p]. The modularity theorem says that the
representations ρE,p are related to representations ρf,p coming from newforms f with integer coef-
ficients.
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Theorem 5.1 (Modularity of elliptic curves [23], [22], [7]). Let E be an elliptic curve over Q with
conductor N . For any prime p, there exists a newform f of weight 2 and level N with integer
coefficients, such that the representations ρE,p and ρf,p are isomorphic over Fp. Conversely, given
any such newform f with integer coefficients, there is an elliptic curve E such that ρE,p and ρf,p
are isomorphic.
Given some A,B,C, if (x, y, z) is an integer solution to (5.1), one can associate an elliptic curve
E/Q, called a Frey curve, to the solution (x, y, z). By the modularity theorem, this corresponds
to a newform f . If the possibility of such a newform f can be ruled out, for instance because the
newspace of level N is trivial, then this leads to a contradiction. A key ingredient in applying the
modular method is the following theorem of Ribet, which allows us to reduce the level of the form
f under consideration.
Theorem 5.2 (Level Lowering [19]). Let f be a weight 2 newform of level ℓN where ℓ does not
divide N , and let Kf be the number field generated by its coefficients. Suppose that p is a rational
prime and p is a prime of Q lying over p. Suppose that ρf,p is absolutely irreducible, and that either:
• ρf,p is unramified at ℓ, or
• ℓ = p and ρf,p is flat at p.
Then there is a weight two newform g of conductor N such that ρf,p is isomorphic to ρg,p over Fp.
Many applications of the modular method can be improved conditional on the Frey-Mazur
Conjecture, which says that for most primes p, elliptic curves over Q are determined up to isogeny
by their mod p Galois representation.
Conjecture 5.3 (Frey-Mazur). Let E1, E2/Q be elliptic curves. If the representations ρE1,p and
ρE2,p are isomorphic for some p > 17, then E1 and E2 are isogenous over Q.
The importance of the Frey-Mazur Conjecture comes from the fact that it rules out the pos-
sibility of nontrivial level-lowering between rational forms when p > 17. If E/Q has conductor N
and ρE,p arises from some newform g of level M < N , then the form g may or may not have integer
(equivalently, rational) coefficients. If g does not have integer coefficients, then the Frey-Mazur
Conjecture offers no help. However, if g has integer coefficients, then we have the following.
Proposition 5.4. Assume the Frey-Mazur Conjecture. If E/Q has conductor N and p > 17, then
there is no newform g with integer coefficients and level M < N such that ρE,p ∼= ρg,p.
Proof. Given some such newform g, the modularity theorem guarantees that ρg,p ∼= ρE′,p for some
elliptic curve E′/Q of conductor M . It follows that ρE,p ∼= ρE′,p, so by the Frey-Mazur Conjecture,
E and E′ are isogenous. But this implies that E and E′ have the same conductor, yielding a
contradiction.
6 Applications of Modularity
We conclude by proving several more uniform results, applying to all newforms of sufficiently large
weight with integer coefficients. The results in this section rely on the modular method, and many
are conditional on the Frey-Mazur Conjecture.
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The key observation in applying the modular method to newform coefficients is that for any
value α, if af (p
2) = α or af (p
4) = α, then the equations arising from Corollary 2.2 can be interpreted
as Fermat equations of the form
AXn +BY n = CZ2. (6.1)
In general, equations of this form will have many integer solutions. For example, suppose that n is
odd and that C = 1. Then for any a, b, the triple (ac, bc, c
n+1
2 ) is a solution, where c = Aan +Bbn.
This naturally leads us to restrict the set of solutions under consideration.
Definition 6.1. Let (a, b, c) be an integer solution to (6.1). We say that (a, b, c) is a primitive
solution if the elements Aa,Bb, and Cc are pairwise coprime.
Proposition 6.2. Let f be a newform with integer coefficients, even integer weight 2k, and level
N . Then the following are true.
1. Suppose that p ∤ N is a prime and that af (p
2) = α. If ℓ | 2k − 1, then (X,Y,Z) =
(p(2k−1)/ℓ, 1, af (p)) is a solution to the twisted Fermat equation
X2k−1 + αY 2k−1 = Z2. (6.2)
If p does not divide α, then the solution is primitive.
2. If p ∤ N is prime and af (p
4) = α, then (X,Y,Z) = (p2(2k−1)/ℓ, 1, 2af (p)2 − 3p2k−1) is a
solution to the twisted Fermat equation
5X2k−1 + 4αY 2k−1 = Z2. (6.3)
If p does not divide 2α and 5 does not divide α, then the solution is primitive.
Proof. It follows immediately from Corollary 2.2 that the given equations are satisfied, so we only
need to show that the solutions are primitive. Observe that in order to show the solution (a, b, c)
is primitive, it’s enough to show that gcd(Aa,Bb,Cc) = 1. Indeed, if any prime divides two of the
factors, then it divides two of the terms in (6.1), and therefore divides the third.
First, consider case (1). In this case, we need to show that gcd(p, af (p), α) = 1. Since p does
not divide α, this is immediate from what we wrote above.
Now, consider case (2). In this case, we need to show that gcd(5p, 4α, 2af (p)
2 − 3p2k−1) = 1.
Since p does not divide 2α and 5 does not divide α, it follows that the first two terms are coprime,
which once again completes the argument.
In the paper [5], Bennett and Skinner associate a Frey curve to any primitive solution of (6.1).
These Frey curves will form the basis for our work in this section.
Lemma 6.3 ([5], Lemma 2.1). Let A,B,C be any nonzero integers, where C is squarefree. Suppose
that (a, b, c) is a primitive solution to (6.1), where n is an odd prime. Then there is an associated
elliptic curve E = E(a, b, c), with the conductor N(E) given by
N(E) = 2αC2
∏
p|abAB
p,
where α ∈ {−1, 0, . . . , 6}. If 4 | B, then α ≤ 4. If ord2(B) = 2, then we have
α =
{
1 b ≡ −BC/4 (mod 4),
2 b ≡ BC/4 (mod 4).
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Lemma 6.4 ([5], Lemmas 3.2 and 3.3). Suppose that n ≥ 7 is a prime and that ρE,n is associated
to a primitive solution (a, b, c) to 6.1 with ab 6= ±1. If n ∤ ABC, then define
Nn(E) := 2
β
∏
p|C,p∤n
p2
∏
q|AB,q 6=n
q,
where
β =
{
1 ab ≡ 0 (mod 2) and AB ≡ 1 (mod 2)
α otherwise.
The representation ρE,n arises from a cuspidal newform of weight 2, level Nn(E), and trivial neben-
typus character.
As we noted above, the Frey-Mazur Conjecture only rules out level-lowering between rational
newforms. To deduce consequences for specific Diophantine equations, we also need to rule out
the possibility of level-lowering from a rational form to an irrational form. In certain cases, we can
do this directly. In other cases, we can apply the following (unconditional) result, which tells us
that such level-lowering cannot happen whenever the levels in question are sufficiently large. Let
ψ denote the Dedekind ψ-function:
ψ(N) = N
∏
p|N
(
1 +
1
p
)
.
Theorem 6.5 ([21], Theorem 4.2). Let f be an irrational newform of conductor N with coefficients
in a number field Kf/Q. Suppose that for some prime p/p of Kf and some elliptic curve E/Q, the
representations ρE,p and ρf,p are isomorphic. Then
p ≤ ψ(N)1+ψ(N)/12 .
We define the following two functions:
fC(m) = max
17, ψ
26∏
q|m
q
1+ψ(26
∏
q|m q)/12
 ,
and
fH(m) = max
17, ψ
24 ∏
q|5m
q
1+ψ(24
∏
q|5m q)/12
 .
Theorem 6.6. Let m be any nonzero integer, and let f be a newform with integer coefficients and
weight 2k. Assuming the Frey-Mazur Conjecture, we have:
1. If 2k−1 is divisible by a prime ℓ > fC(m) and p is a prime not dividing m, then af (p2) 6= m.
2. If 2k − 1 is divisible by a prime ℓ > fH(m), p is a prime not dividing 2m, and m is coprime
to 5, then af (p
4) 6= m.
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Proof. We will prove (1); the proof of (2) is similar. Suppose that the given conditions hold. By
Theorem 2.1, we may assume that p ∤ N . By Proposition 6.2, we obtain a primitive solution
(p(2k−1)/ℓ, 1, af (p)) of the equation
Xℓ +mY ℓ = Z2.
By Lemma 6.3, this gives rise to a Frey curve E with conductor
N(E) = 2α
∏
q|pm
q.
By Lemma 6.4, the associated representation arises from a newform f of level
2α
∏
q|m
q.
Since ℓ > fC(m), it follows from Theorem 6.5 along with the formula for the level of the represen-
tation that f has integer coefficients. It follows by the Frey-Mazur Conjecture that
N(E) = 2α
∏
q|m
q.
However, this would imply that p | m, contradicting our initial assumption.
Theorem 6.7. Let f be a newform with integer coefficients. Then the following are true.
1. If f has weight 2k and p is an ordinary prime, i.e., p ∤ af (p), then af (p
2) 6= mj for any j ≥ 4
dividing 2k − 1 and any nonzero integer m. In particular, if 2k ≥ 6, then af (p2) 6= m2k−1.
2. Assume the Frey-Mazur Conjecture. If f has weight 2k, 2k− 1 is divisible by a prime ℓ ≥ 19,
and p 6= 2, 5 is ordinary, then af (p4) 6= mℓ for any nonzero integer m.
Proof of Theorem 6.7 and Theorem 1.4 parts (1) and (2). First, we prove statement (1). Suppose
that the given conditions hold, and that j ≥ 4 divides 2k − 1. We may again assume that p ∤ N .
Since p is ordinary, p is coprime to m, so we obtain a primitive solution (p(2k−1)/j ,m, af (p)) to the
Fermat equation
Xj + Y j = Z2.
By work of Darmon and Merel [13] and Poonen [18], this has no primitive solutions when j ≥ 4.
Now, we prove statement (2). First, assume that m is coprime to 5. In this case, we obtain a
primitive solution (p(2k−1)/ℓ,m(2k−1)/ℓ, 2af (p)2 − 3p2k−1) to the Fermat equation
5Xℓ + 4Y ℓ = Z2.
By Lemma 6.3, this gives rise to a Frey curve E with conductor
N(E) = 2α
∏
q|20pm
q.
By Lemma 6.4, the associated representation arises from a newform f of level
2α
∏
q|20
q.
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In our case, we have α = 1 or α = 2. Therefore, this expression equals either 20 or 40. At both
levels, there is only one newform with weight 2 and trivial nebentypus, and both have integer
coefficients. By the Frey-Mazur Conjecture, we have
N(E) = 2α
∏
q|20
q.
It follows that p = 2, 5. However, this contradicts our initial assumption.
If m is not coprime to 5, then it follows from the equation
(2af (p)
2 − 3p2k−1)2 = 5p2(2k−1) + 4mℓ
that 5 divides the lefthand side. Since the lefthand side is a square, it follows that 25 divides the
righthand side. Therefore, 5 | mℓ. Since ℓ > 1, 25 divides mℓ. It follows that 25 divides 5p2(2k−1)
as well. Given that p must be prime, we have p = 5, a contradiction.
Even in cases where some irrational newforms exist at the given level, one can often use con-
gruence information from a given irrational newform to show that it gives rise to no primitive
solutions.
Proposition 6.8 ([5], Proposition 4.3). Let n ≥ 7 be a prime, and let E = E(a, b, c) be a Frey
curve associated to a primitive solution of (6.1). If the representation ρE,p arises from a newform
f with coefficients in a number field Kf , if p is a prime coprime to n, and E has good reduction at
p, then n divides
NormKf/Q(cp ± 2r),
for some r ≤ √p.
Remark. In the case where Kf = Q, this gives little information. Indeed, by the Hasse bound, we
will always have |cp| ≤ 2√p, so if cp is even then this condition is always satisfied.
By employing arguments of this type, we obtain the following generalization of Theorem 1.1 in
the case ℓ = 19.
Theorem 6.9. Assume the Frey-Mazur Conjecture. Let f be a newform with integer coefficients,
even integer weight 2k, residually reducible mod 2 Galois representation, and level N coprime to
19. Suppose that 2k− 1 is divisible by a prime ℓ > 19. If af (54), af (194) 6= ±19, then af (n) 6= ±19
for any n.
Proof of Theorem 6.9 and Theorem 1.4 part (3). By Theorem 2.3, if af (n) = 19, then n = p
d−1,
where p and d are odd primes, p ∤ N , and d | 19(192 − 1). It follows that d = 3, 5, or 19. By
Corollary 2.2, these three cases each correspond to solutions of Diophantine equations. In the case
d = 3, we obtain a solution to
x2 ∓ 19 = yj,
where j = 2k − 1. According to the tables in [10] and [4], this equation has no solutions except
for j = 2, 3, 5. Since j = 2k − 1 and ℓ > 19 divides 2k − 1, this shows that none of these solutions
correspond to coefficients af (p
2).
In the case d = 19, we obtain a Thue equation, and the tables computed in [3] indicate all its
solutions are of the form (1,±4). Since 1 6= p11 for any prime p, no such solution comes from a
prime p with af (p
4) = 19.
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In the case d = 5, we obtain a solution (p2(2k−1)/ℓ, 1, 2af (p)2 − 3p2k−1) to the Fermat equation
5Xℓ ± 76Y ℓ = Z2.
Since we are excluding the cases p = 5 and p = 19, this solution is primitive. By Lemma 6.3, such
a solution corresponds to an elliptic curve E with conductor N(E) = 22 · 5 · 19 · p. Since ℓ > 19, ℓ
is coprime to 76. Therefore, by Lemma 6.4, the representation ρE,19 is associated to a newform f
of level 22 · 5 · 19 = 380. There are four newforms of weight 2 and level 380 with trivial nebentypus
character, two of which are rational. First, suppose that f is rational. Then by the Frey-Mazur
Conjecture, we must have N(E) = 22 · 5 · 19. But this implies that p = 1, which is a contradiction.
It remains to show that no solutions can come from either of the two irrational newforms. The
first such newform has LMFDB label 380.2.a.c, and its coefficients are defined over Q(
√
2). In this
case, we have c3 = −2+2
√
2. The elements −2+2√2±2r for r = 0,±1 have norms in {2,−2, 14}.
Since none of these norms are divisible by the prime ℓ ≥ 19, it follows that there are no primitive
solutions arising from this newform.
The other irrational newform of level 380 has LMFDB label 380.2.a.d. In this case, we have
c3 = 1 +
√
3. For r = 0, 1,−1, the elements c3 ± 2r have norms in {−2, 6}. As above, we conclude
that there are no primitive solutions arising from this newform, and this completes the proof.
Remark. A natural question is whether this theorem can be made unconditional by explicitly
ruling out the two rational newforms, which have labels 380.2.a.b and 380.2.a.a. We can rule out
the newform 380.2.a.b by considering the coefficient c3 = 2. If a solution (a, b, c) came from the
rational newform f , then by the setup in Bennett and Skinner, it would follow that the Frey curve
E : Y 2 = X3 + cX2 + 19X
either has bad reduction at 3, or satisfies 3 + 1 −#E(F3) = 2. The case of bad reduction would
correspond to the possibility af (3
4) = ±19, which can be ruled out by hand, and the condition on
#E(F3) is not satisfied by any c ∈ F3
The newform 380.2.a.a cannot be ruled out by similar means, because it corresponds to the
trivial solutions (1,±9) of the equation Y 2 = 5X22 +76. In certain cases, one can use the modular
method to constrain the solutions of an equation that has some solutions, as in Section 9 of [10],
but such approaches seem not to help in this case.
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